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Analytical Model of Axisymmetric Afterbody
Flow Separation

Walter M. Presz Jr.*
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A practical engineering approach to the prediction of pressure. distribution and boundary layer separation
point location on afterbodies in subsonic flow is developed. Experimental data are reviewed and the inadequacy
of currently available separation prediction methods is demonstrated. A control volume technique is developed
as an alternative and is shown to have merit. The separation bubble is then modeled and another control volume
technique is developed to predict its outer boundary. Finally, these two developments are combined with a con-
ventional -inviscid flowfield calculation and a boundary-layer analysis to produce an iterative procedure to
predict pressure distribution and separation point location on an afterbody given only body shape and

freestream flow condition.

Introduction

OUNDARY-layer flow separation often occurs on

the aft-end of a multi-mission aircraft resulting in an in-
crease in aircraft drag and a decrease in jet engine per-
formance. Separation occurs in these areas because of the
large adverse pressure gradients coupled with thick boundary
layers that often exist on the aircraft afterbody. Figure }
schematically represents the type of flowfield that results. A
solid surface sting is used to represent the exhaust jet both
analytically and experimentally. The use of the sting is a sim-
plification that eliminates additional variables that affect
plume shape and plume entrainment of the afterbody
flowfield. This model also possesses a measurable reat-
tachment point for the separated recirculation region as
shown in Fig. 1.

Most available techniques for predicting separation use
only attached boundary layer and inviscid flow pressure
distribution calculations to predict the occurrence of
separation. This approach is inherently limited because
separation and the resultant recirculation region can
drastically alter the afterbody pressure distribution which can
in turn significantly alter the position of the separation point.
This limitation, as well as a paucity of useful experimental
data, motivated the authors to conduct a detailed ex-
perimental and analytical program of flow separation over
axisymmetric afterbody models.

The recently published!® results of the experimental
program represent a systematic data set where the separation
pressure environment as well as location and extent of the
separation region were measured. The models include circular
arc, elliptic, and conical afterbody shapes with mean angles of
8°, 16°, and 24°. More detailed information on the model
shapes can be obtained from Ref. 6. The testing was con-
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ducted in a blowdown tunne] having a model blockage ratio
of about 8%. This blockage effect was subsequently included
in all the analytical pressure predictions reported here. The
object of the test program was to experimentally locate
regions of separation on'an afterbody while simultaneously
measuring the pressure environment causing the separation in
order to provide consistent data for developing an analytical
separation model. The measured separation position was
found to be a strong function of afterbody shape and free-
stream Mach number, and a weak function of Reynolds num-
ber and approach boundary layer properties. Several com-
monly used separation criteria were applied to the test flow

fields with large discrepancies resulting between the analyses

and data as shown in Fig. 2 which is typical.® This figure
presents results for an elliptical afterbody with a 16° mean
angle (B) at a freestream Mach number of M=0.7. A “‘shape
factor’® separation criterion? and Goldschmied’s® criterion
predict no separation. On the other hand, Page’s’ criterion
predicts separation on the downstream sting while Strat-

ford’s* criterion predicts separation much too late. These

results show clearly that most commonly used separation

criteria are unreliable for predicting the point of separation on

axisymmetric afterbodies. An interesting and typical charac-

teristic of this interaction between the separated region and

the inviscid flowfield is the plateau pressure distribution

readily evident in Fig. 2. This could not be predicted with con-

ventional techniques available at the time this program was

started. As shown in Ref. 1, it was found that the separated

recirculation region effects upon the inviscid flowfield and af-

terbody surface pressures could be modeled fairly well by a

conical dividing streamline surface placed between the points

of separation and reattachment. With these results in hand,

an engineering analysis was developed for predicting the
pressure distribution on an afterbody in the absence of ex-

perimental data.

Discussion

The engineering analysis developed is iterative in nature and
combines four major flowfield components: the inviscid
flowfield; the attached boundary layer; the point of
separation; and the separated recirculating flow region. It was
found that the attached boundary layer and inviscid flow can
be calculated quite accurately using existing techniques.
However, the point of separation and the separated reverse
flow region required further consideration before the above
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Fig.1 Schematic of a separated afterbody flowfield.
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Fig. 2 Measured and calculated separation locations and correspon-
ding pressures on an elliptical afterbody.
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Fig.3 Control volume for the separation point calculation.

approach could be taken. The following sections summarize
the work accomplished in each of these two respective areas.

Separation Point Prediction

Tyler and Shapiro’ presented an analysis for the pressure
rise required for separation in an interaction between a tur-
bulent boundary layer and shock wave. A momentum
equation for the control volume, the ideal gas equation of
state, the energy equation for isoenergetic flow, the continuity
equation for control volume, and the isentropic relations were
used to solve for a separation pressure. In its original form,
this approach gave poor comparison with data for afterbody
separation mainly because of a poorly modeled velocity
profile at separation. This analysis was therefore combined
with the compressible law of the wall-law of the wake velocity
profile.* The resulting analysis was quite accurate for pre-
dicting separation point location on afterbody shapes, and
thus, was further developed and chosen as our separation
point criteria. The next two paragraphs will outline the im-
proved calculation procedure for two-dimensional flow on an
afterbody.
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A control volume is located between the minimum pressure
station, designated 1, and the separation point, designated s,
in Fig. 3. The wall and outer edge of the boundary layer form
the remaining boundaries of the control volume. The length
of the control volume is relatively .short since separation is
known to follow closely after the minimum pressure point on
an afterbody. The continuity and momentum equations for
the control volume can then be written as

51 53
SO (Pu)1dJ’+m2=So (pu) dy (1
~8) .
(P5)1+SO (pu?) Ay +1,+ P, ((8,—5,)
‘68
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and where I, is the x-momentum associated with the en-
trainment mass, #1,. Introducing the equation of state and the
definitions of Mach number and displacement thickness, the
continuity equation in integrated form becomes
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The entrainment rate is calculated using a relation due to
Green.’

m,=0.03(pu) , X, [(6,—6,%)/8,-3] % )

The functional form of this equation was obtained by Green
using the velocity defect law '* for turbulent boundary layers
while the constants were obtained empirically. This en-
trainment equation has been shown to give good agreement
with boundary layer flows in zero pressure gradient and in
flows proceeding to separation.!' The corresponding en-
trained momentum is then

I _ ( 6*
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The continuity and momentum Egs. (3) and (4) are the two
basic equations for the problem, and the two unknowns are
P, and §,. Equating the two relations eliminates 6, leaving an
implicit relation for P,. A boundary layer velocity profile at
separation, x,, must be assumed before a solution is possible.
Mathews’ !> compressible version of Coles’ law of the wall-
law of the wake with C, =0 to simulate the velocity profile at
the separation point was selected. The resulting profile is

u

<u_) =FE*sinl.5 sin ~/ (E ") ({ —cos(7y/8,)) ] )

where

E={1+2/[(y—1M?] (8)
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so the nondimensional profile is a function of Mach number
only. If the separation Mach number, M|, is known, the
ratios (8*/8). and (8/8), appearing in Egs. (3) and (4) can
then be easily evaluated. If the external pressure distribution
P(x) is given, one can obtain x, from P(x,), while M, is ob-
tainable from P, through isentropic relations. Thus, the
separation point location can be calculated directly from the
conservation equations. In this separation point prediction
model, the normal pressure field and boundary-layer
streamline curvature associated with the wall curvature are
assumed unimportant in accordance with the standard boun-
dary layer assumption that the flow is essentially similar to
that on a flat plate with the same pressure gradient imposed.
The separation point velocity profile used in this analysis is
also linked to this assumption since it was originally
developed for a flat wall with a pressure gradient super-
imposed.

This separation point prediction scheme was used with the

measured boundary layer characteristics and pressure
distribution taken from Ref. 6 to predict the separation point
locations on several afterbodies. Figures 4 and 5 show typical
experimental pressure distributions with measured and predic-
ted separation point locations superimposed. Figure 4 shows
results on a circular arc afterbody at Mach numbers of .25, .5
and .7. The control volume analysis accurately predicts the
upstream movement of separation with increase in Mach
_number. Figure 5 gives similar results for an elliptical af-
terbody with three mean angles of 8°, 16° and 24°. This mean
angle change affects the pressure distribution and control
volume length, and in this manner changes the calculated
separation point location. Again, the analysis accurately
predicts the upstream movement of the separation point with
increases in afterbody mean angle. Thus, the control volume
separation calculation scheme appears to provide an accurate
means for predicting the point of separation on a steep af-
terbody once the approach boundary-layer characteristics and
true surface pressure distribution are known.
Recirculation Region Model
The typical flowfield in the vicinity of separation was
shown in Fig. 1. The flow separates from the surface at some
point, and flows over a low velocity recirculation region.
Downstream at reattachment on the mounting sting, a
pressure increase occurs due to the local flow curvature. A
discriminating streamline is defined as a flow streamline at the
edge of the separated bubble which has just enough kinetic
energy to penetrate the downstream high pressure region and
is the boundary between streamlines which continue down-

stream and those which recirculate. This discriminating

streamline is used as the boundary of an effective body con-
tour extending between the separation and reattachment
points on the real body. The discriminating streamline is the
boundary of the external flowfield and its shape primarily
determines the surface pressures occurring between separation
and reattachment points on an afterbody.

The pressure data of Ref. 1 typically show a plateau or con-
stant pressure region which covers the majority of the model
area between separation and reattachment. Since the recir-
culation region is composed of low energy, low velocity flow,
the constant pressure in this region on the body surface must
be nearly the same pressure that occurs on the discriminating
streamline at a given x position. Thus, the external flowfield
imposes its pressure distribution on the recirculation flow
region. The question remaining is what shape the
discriminating streamline must take to cause the constant
pressure plateau regions which were consistently measured in
the experiments. To determine this, the inviscid flow
equations were examined in detail while noting that the
separation region covers only a small radius change when
compared to maximum radius of the afterbody. It was found
from both analysis® and data' that a conical discriminating
streamline will produce the constant plateau pressure region
measured on separated afterbody models.
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Fig. 4 Pressure distribution and separation point location on a cir-
cular arc afterbody.
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Fig. 5 Mean angle effects on the pressure distribution and separation
point location for an elliptical afterbody.

To complete the flow calculation model of the recirculation
region, a means must be developed to predict the angle be-
tween the discriminating streamline and body surface once the
point of separation is determined. Figure 6 shows a control
volume of the recirculation region in which the recirculating
flow is assumed to be radial from the point of separation, and
circular arc segments are taken as the inlet and discharge
boundaries of the control surface. This coordinate system
allows a smooth transition from the flow direction on the
body surface to that on the discriminating streamline. The up-
per surface of the control volume is inclined at an angle  with
the wall, and is a flow streamline so no mass flux passes

through it. Applying the continuity and momentum
equations, one obtains ‘
v v )
xot&) (Pu)1d9=xozgo (pu),df=0 )
and
§ P-dS+ (r,0) Axcosy =J 0 — 1., (10)
where

v
Jo=x, SO pu? (cosf)dé
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and
Xo=x(0=0.0)

The large transverse pressure gradient regions near separation
and reattachment are assumed to have only local effects !* and
are not included in this model. The pressure is nearly constant
in the portion of the recirculation region included in the con-
trol volume so the first term drops out. Equation (10) thus
becomes

TAxy cosy =Jy; —Jyy (1)

In order to solve Egs. (9) and (11), a velocity profile across the
separation region has to be assumed so that the momentum
flux as well as shear stress along the discriminating streamline
can be estimated.

That portion of the recirculating flow occurring at nearly
constant pressure is often termed a free shear layer. Korst et
al.'* Nash, '® and Vasiliu '® have used the similarity between
the velocity distribution of a free shear and the velocity
distribution of a jet flow in the analyses of problems involving
such free shear layers associated with boundary-layer
separation. The free shear layers encountered here will be
treated in a like manner, i.e., a jet flow velocity distribution
will be chosen to model the shear distribution and recir-
culating region.

The velocity across the mixed and reverse flow regions is
therefore assumed to vary as an error function. The exact
profile used is a modification of one developed by Korst and
Chow,'” which has been shown to accurately model
nonisoenergetic turbulent mixing between two compressible
streams at constant pressure

i:(1+uf3)<1+erf[a(0—a“.)])_@ (12)

u, u, 2 u,

where

o=12(1+.23M;)

=g(0—w,)

% {2

This velocity profile is shown in Fig. 7. up is an assumed slip
velocity at the wall. This apparent viclation of the no slip wall
condition is not a major drawback of the profile since it has
been shown by both Sawyer, '® and Jones, Foster, and Mit-
chell ¥ that the reverse flow drops rapidly from a maximum
velocity to zero in a region very close to the wall as shown.
Again, #=y is the angle of inclination between the
discriminating streamline and afterbody surface. From the
geometry in the figure it is clear that

V=a;+a, (13)

AXISYMMETRIC AFTERBODY FLOW SEPARATION 503

EQUATION {12)

DISCRIMINATING
STREAMLINE

< S

SEPARATION POINT
Fig. 7 Velocity profile in the recirculating flow region.

Relations for the turbulent shearing stress along the
discriminating streamline and the angle «;, both obtained by
Korst and Chow 7 are

(.148—.036 M)
F=r A=
[

puiix, (14)

_ (.209+.052 M)

o
/ g

(15)

Equations (9), and (11-14) can be combined to give the
following three governing equations.

.209+.052 M,
l//:(—_.____—) +
g

Si{(ui—f)[”er“”;@_aw])]—E’f}de:o

oy (16)

amn
S\; ;)p: {<I+%§)2[1+erf(a[20—aw] ) ]2
() i) [ |
+ (Z—B)z}cosé)dﬁzwcow 18)

Equations (16), (17), and (18) comprise a proper set of three
equations with three unknowns: ¢, «,, and ugz. Given a Mach
number at separation, these equations can be iteratively
solved for the separation angle /.

Figure 8 presents a comparison of measured and predicted
separation angles as a function of Mach number. The solid
line in this figure is the calculated result from a solution of the
equation above. The symbols represent the results from the 33
test runs. ® The data scatter around the predicted results could
be due to either inaccuracies in the experimental flow
visualization technique, analytical model, or both. With this
in mind, the overall agreement between the analysis and data
is quite good. The separation angle decreases with increasing
Mach number, starting off at an angle greater than 14° for'the
incompressible case, and ending up roughly 11° at Mach one.

Overall Separation Analysis

Given an accurate separation poirt predictor and a model
of the recirculation region, a complete analysis of the
separated flow over an afterbody can now be developed. The
model is based on an iterative matching between four com-
ponents: an inviscid flowfield calculation; an attached boun-
dary-layer calculation; the control volume separation point
prediction; and the separated flowfield model. In this iterative
approach, one first assumes no separation on the afterbody



504 W.M. PRESZ JR. AND E.T. PITKIN

vsL | J\ l l
" Lo
9-_ “ s 0, o L:
E °l. 00 7o 8o o
= 10 Q51
=< o
= 8
=l
— gl ODATA—4-— +—
= |~ RESULTS FROM EQUATION
€ 4-—% - T {A6), (17) AND 18)
& :
5, { L
0 . L
] 0.2 0.4 06 08 .0

MACH NUMBER AT SEPARATION, Mg
Fig. 8 A comparison of measured and predicted separation angles.

R SEPARATION POINT LOCATIONS
o DATA
< ANALYSIS
[~ 4
s -
> 0§ —
=
«L
=
0.1 -
33 f o \,
- A
= 0
= ?"
ad .
£ -0
('
[y
S -0
S M. - 0.50
w ! Pr = 30PSIA
-0 (3*/8, = 0.04
173 A = 16°
AT /A ZO—~DATA
o= — - — ANALYSIS
. N\
05 Ll
02 02 08 1.0 14 1.8

AFTERBODY LENGTH, X/L
Fig. 9 A comparison of measured and predicted pressures over an
elliptical afterbody.

and then the inviscid flowfield and corresponding pressure
distribution on the body are calculated. Next, a momentum
integral, turbulent boundary-layer program is used to
calculate the boundary-layer development on the body prior
to separation. The separation point is then determined by the
control volume calculation. -Finally, a recirculating flow
region is defined by a straight discriminating streamline bet-
ween the external flow and the recirculating flow as shown in
Fig. 2. This discriminating streamline acts as the boundary of
a fictitious body extending between the separation and reat-
tachment points on the real body. The inviscid flowfield is
then recomputed for the flow over the modified afterbody
shape. This gives a new external pressure field which is used
with the boundary layer program and separation predictiori
criterion to determine a new separation point and
aerodynamic lines for the afterbody, and so on, continuing
the iteration until the solution converges. This separation
point prediction and the separated flow model could both be
combined in a like manner with any inviscid flowfield at-
tached boundary calculation for predicting, a priori, the ef-
fects of separation on afterbody pressures and drags.

The results that follow were calculated using a potential
flow analysis for the inviscid flow which uses a distribution of
sources and sinks over the body surface to satisfy the surface
boundary conditions as presented by Smith and Pierce. The
boundaries due to wind tunnel walls were also included so that
blockage effects were properly simulated in predicting the
pressure field for comparison with experimental results. The
atiached boundary-layer calculation used was based on a
momentum intergral approach developed by Reshotko and
Tucker. 2

Figure 9 presents a comparison of measured and calculated
pressure distributions over a separated; elliptical afterbody at
M, =.50. The minimum pressure and recompression are all
predrcted quite well by the iterative procedure. The correspon-
ding calculated and measured drag variations with mean angle
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for an elliptical afterbody are shown in Fig. 10 in terms of
drag coefficients, Cp, based on maximum afterbody area. A
drag variation with mean angle is calculated that agrees quite
well with the data in both magnitude and shape. It would then
appear that this is a viable procedure to predict afterbody
drag in the absence of experimental data.

Conclusions

The results of this analytical program suggest the following
conclusions about separation over an axisymmetric af-
terbody: 1) An axisymmetric control volume analysis using a
realistic separation velocity profile can be used to accurately
predict the separation point on an afterbody. 2) The
separated region can be modeled fairly well by a conical
dividing streamline surface between the points of separation
reattachment. The inviscid pressure distribution over the
body, including this dividing streamline, seems to be a good
first order approximation to the actual separation pressure
field. 3) Assuming the shear distribution in the free shear
layer and recirculation region to be the same as in a constant
pressure jet, the separation angle for the discriminating
streamline can be predicted quite accurately as a function of
separation Mach number. 4) An iteration scheme involving
an inviscid flow calculation, an attached boundary layer
calculation, and a conical discriminating streamline to ap-
proximate the recirculation region, will converge and ac-
curately predict the separated afterbody pressure distribution
and drag without recourse to the experimental data.
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Other papers treat trajectory representation, perturbation mechanics, interplanetary trajectory computation, close satellite
motion in the restricted three-body problem, and an asymptotic basis of satellite orbit perturbation mechanics. Orbit
prediction and determination, error equation generation, multistep algorithms, two-point boundary problems, with a number

Other papers apply algorithms to nonlinear two-point boundary problems, present trajectory optimization by a variety of
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